is the 2t regular graph with n vertices labeled 0, 1, 2, . . . , n− 1, where each vertex i has the 2t neighbors i ± s 1 , i ± s 2 , . . . , i ± s t in which all the operations are modulo n. Golin 
Introduction
Throughout this paper, the graphs are allowed to contain multiple edges and self-loops unless otherwise specified. Let G be a connected graph on n vertices. A spanning tree in G is a tree having the same vertex set as G and its edge set is a subset of the edge set of G. An oriented spanning tree in a directed graph ⃗ G is a rooted tree with the same vertex set as ⃗
G,
✩ The research was supported in part by Shenzhen University. The fourth author's work was also supported by DIMACS and the University of Puerto Rico at Mayaguez. i.e., there is a specified root node and paths from it to every vertex of ⃗ G. The number of spanning trees has a long research history because it is interesting from a combinatorial perspective and also arises in several application problems. An old motivation is that the number of spanning trees characterizes basically the reliability of a network in the presence of line fault and counting the number of spanning trees is important in designing electrical circuits [7] . Another related discovery is that the resistance distance between two nodes in a network can be expressed by the number of spanning trees and therefore computation of the effective electric resistance involves calculation/estimation of the number of spanning trees in a given network (see e.g., Theorem 7-4 in [16] , or [1, 17] ).
Given the adjacency matrix of a graph G, Kirchoff's matrix tree theorem [11] gives a closed formula for calculating the number of spanning trees. However, for a given general graph it is not easy to count the exact number (or to get a good estimation) from the theorem and therefore special graphs have been considered extensively because it turns out to be possible to derive explicit formulas for them. The real problem, then, is to calculate the number of spanning trees of special graphs in particular parameterized classes. The class of circulant graphs to be considered here is one of the classes of graphs that have been received much attention in the last decades.
Circulant graphs can be defined in different ways [2, 4, 10] . Here it is convenient to introduce them and the values to be counted as described in [10] . Let s 1 < s 2 < · · · < s k ≤ ⌊ n 2 ⌋ be given positive integers. The circulant graph on n vertices and jumps s 1 , s 2 , . . . , s k is defined by where all of the additions are done mod n. That is, each node is connected to the nodes that are jumps s j away from it, for j = 1, 2, . . . , k. Similarly, the directed circulant graph on n vertices, 2 ⃗ C s 1 ,s 2 ,...,s k n , has the same vertex set but s k < n and
where an edge is directed from each i to the nodes s j ahead of it, for j = 1, 2, . . . , k. To avoid confusion, we emphasize that, since we are allowing multiple edges in our graphs, C is always k-regular. For example, in our notation, C 1,n 2n is the 4-regular graph with 2n vertices such that each vertex i is connected by one edge to each of (i − 1) mod 2n and (i + 1) mod 2n and by two edges to (i + n) mod 2n. Our techniques would, with slight technical modifications, also permit analyzing graphs in which multiple edges are not allowed, e.g., the Mobius ladder M 2n . This is the 3 regular graph with 2n vertices such that each vertex i is connected by one edge to each of (i − 1) mod 2n, (i + 1) mod 2n and (i+n) mod 2n. The reason that we do not explicitly analyze such graphs is that such an analysis would require rewriting all of our theorems a second time to deal with these special instances without introducing any new interesting techniques. Two undirected circulant graphs are given in Fig. 1 .
Let T (X) stand for the number of spanning trees in a (directed or undirected) graph X . For any fixed integers 1 ≤ s 1 ≤ s 2 ≤ · · · ≤ s k , it was shown in [19] that, in the case of directed circulant graphs, 1 We should mention that the general concept of a set does not allow for multiple copies of an element. Here multiple edges can appear in the graph when performing addition modulo n on the stage of interpreting the elements of E.
2 In this paper we do not discuss directed graphs. We talk about them for completeness and the reason we address some of their results is that there is an open problem on them, which is emphasized in the Concluding Remarks.
where k is the degree of each vertex of ⃗ . However, for undirected graphs, the asymptotic limits was shown to be dependent on k and all the s i [10] , and
More generally, in [10] Golin et al. derive a closed integral formula for the asymptotic limit
as a function of s i , d j and e k . (We do not write out the formula because it is complicated.) Note that the limits represent the average growth rate of the number of spanning trees in directed and undirected circulant graphs, respectively. It is known that the asymptotic limits for grids and tori turn out to be equal and are also equal to the limit for the circulant graphs with non-constant jumps [5, 8, 10] . 3 For general recursive graphs Lyons [15] has developed a more general technique for deriving the asymptotics of the number of spanning trees. His techniques can be used to derive the asymptotics of fixed-jump circulants, but do not seem to be usable to derive the asymptotics when the jumps depend on n. The number of spanning trees in directed circulants with non-constant jumps was studied in [6] . For circulant graphs with non-constant jumps C s 1 ,...,s k ,a 1 n,...,a l n pn , in [10] Golin et al. derive an asymptotic closed integral formula for the number of spanning trees. Recent results on calculating the asymptotic (maximum) number of spanning trees in circulant graphs with both fixed-jumps and the jumps depending linearly upon n can be seen in [10, 12, 14] . We would like to address that when graphs have jumps with sizes depending on n the situation becomes complicated. For instance, from [10] we observe that
where the c q are three different constants.
In this paper we consider the circulant graphs C 1,a 1 n,a 2 n,...,a l n pn , continuing the previous work [10, 20, 21] . In Section 2 we derive simple and explicit formulas for the number of spanning trees of the graphs and their asymptotics. Following from the formulas derived we obtain the value for the limiting asymptotics of the number of spanning trees in circulant graphs C 1,a 1 n,a 2 n,...,a l n pn . To derive our explicit formulas we need to recall the fundamentals for the number of spanning trees and various standard properties of the second kind Chebyshev polynomials. Our basic idea actually is an extended use of these polynomials, compared with the ones applied in [18, 21] . First, making use of Kirchoff's Matrix Tree Theorem it is easily shown that (e.g., [2, 10] )
Then, for convenience, we write out the useful properties of the Chebyshev polynomials copied from [3, 21] . For a positive integer m, the Chebyshev polynomials of the first kind are defined as T m (x) = cos(m arccos x), and the second kind are
.
It is easily verified that
where the identity is true for all complex x (at points x = ±1 take the limits), and by which we can easily obtain that
Finally, manipulating the above formulas yields the extremely useful formula in our consideration:
Simple and explicit spanning tree formulas
The following Theorem A is Theorem 3 of [10] . 3 A jump s j is called non-constant if it is a function of n, the number of vertices of graph. While examining the structure of non-constant jump circulant graphs, it was conjectured in [9] that the asymptotics of the number of spanning trees of the m × n tori and grids and the circulant graphs C 1,n mn would be the same.
Note that if p = 1, then l = 0 and Theorem A reduces to (1) . To derive our formulas, we use the idea introduced in [10] and establish the following lemma.
Proof. From Formula (2) we see that
Note that if j = mp for some integer m then cos 2π a i nj pn = cos 2π a i mp p = 1, and 
The proof is completed.
For some special circulant graphs with fixed and non-fixed jumps, in [20, 21] Zhang et al. derive several formulas for the number of spanning trees. For more general circulants, making use of Lemma 1 it is possible to derive simple and explicit formulas for the numbers of spanning trees and obtain their corresponding asymptotic properties. Below, as examples, we derive the spanning tree formulas for more general circulants (We derive the cases from (a) to ( = 2, then plugging p = 2b into the formula in Lemma 1 and then representing the products in terms of appropriate values of the Chebyshev polynomials by using Formulas (3) and (4) yield
and so the asymptotics (which represents the average growth rate of number of spanning trees of C 1,bn pn ) is given by
= 3, then repeating the same procedure as we used in (a) and applying Formulas (4) and (3) yield
and so the average growth rate is
= 4, repeating same operations as we did in (a) and (b), and applying Formulas (4) and (3) yields 
and so
= 6, then repeating same operations as we did in (a) and making use of Formulas (4) and (3) yield
Example 1. From [21] (Theorem 4) we see that
In our consideration this is the case that p = 2, b = 1 and from derivation (a)
The 
Repeatedly applying the same technique, for different constraints of a, b, c, d, e, p, we can derive the following formulas (e) to (o). Because their derivations involve rather cumbersome transformations, we put them in Appendix.
( 
and so its asymptotics is
and so 
From the asymptotic numbers of T 
and therefore 
Observing the above discussions, we have the following theorem: 
Proof. From Theorem A (Theorem 3 in [10] ), when k = l = 1 and
Making use of the relation sin 2 (nπ + α) = sin 2 α where n is an integer, we have
We first evaluate 
The proof is completed. 
), where lcm denotes the least common multiple. 
The lemma is proven. Continuing the same argument, for any integer l > 2 we achieve at 
, in which lcm denotes the least common multiple.
The following theorem reveals the monotonic property of the asymptotic value of the number of spanning trees. 
is an increasing function of p.
(1) If k is even, making use of the basic formulas sin(π − α) = sin α and sin(
Since b is fixed, for each fixed j ∈ {1, 2, . . . .} and cos jbπ p is an increasing function of p, we conclude that
is an increasing function of p. 
Concluding remarks
In this paper we derived simple and explicit formulas for the number of spanning trees in circulant graphs of the form C 1,a 1 n,a 2 n,...,a l n pn . We then obtained simple asymptotics for the number of spanning trees in such circulant graphs. Extending the technique can obtain the simplified formulas for the limiting asymptotics of the number of spanning trees for more general circulant graphs.
We conclude with a question about the growth rate of the number of spanning trees. From Theorem 4 we have 
